MOG without anomaly by Sepehri, Alireza et al.
MOG without anomaly
Alireza Sepehri∗
Research Institute for Astronomy and Astrophysics of Maragha (RIAAM), P.O. Box 55134-441, Maragha, Iran
Tooraj Ghaffary†
Department of Science, Shiraz Branch, Islamic Azad University, Shiraz, Iran
Yaghoob Naimi‡
Department of Physics, Lamerd Higher Education Center, Lamerd, Iran
(Dated: November 8, 2018)
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I. INTRODUCTION
Moffat’s proposed modified gravity theory (MOG) is a scalar-tensor-vector theory of gravitation: in addition to the
tensor field of General Relativity, it also contains scalar and vector fields [1]. The two scalar fields and the massive
Proca vector field of this theory add several new degrees of freedom to the system, which can help us consider the
evolution of universe in new ways [2]. This theory also offers a way to investigate the origin of gravitational waves,
which are emitted by merging black holes and detected by the LIGO-Virgo collaboration data [3]. The question then
arises: what is the origin of this theory? Also, is this gravitational model anomaly-free? We attempt to answer these
questions by using the Horava-Witten mechanism.
In 1995, Horava and Witten have shown that in eleven dimensions, all anomalies in field theory and supergravity
can be canceled [4, 5]. In their model, which is known as M-theory, the 10-dimensional E8×E8 heterotic supergravity
is generalized to an 11-dimensional supergavity theory on the orbifold R10 × S1/Z2 and its anomaly is canceled. In
1996, in order to solve the cosmological constant problem in four dimensions, Vafa suggested an extension of Witten’s
proposal to twelve dimensions. He reformulated the type IIB theory in terms of a 12-dimensional “F-theory” and
showed that compactification of M-theory on a manifold “K”, which admits an eliptic fibration, is equivalent to
compactification of F-theory on Calabi-Yau threefolds [6]. Until 2006, the algebra that could apply in M-theory
and F-theory and produce the expected actions for branes was unclear. About ten years ago, Bagger and his co-
authors introduced Lie three-algebra and formulated all Lagrangians in terms of it [7–10]. However, we have no exact
information about the structure of the world and its exact dimensionality. In fact, we cannot even limit it to eleven
or twelve dimensions. For this reason, supergravity in twelve dimensions were considered and its solutions have been
obtained [11, 12]. We will generalize these mechanisms to fourteen dimensions, remove the anomalies and obtain the
exact form of action for MOG.
This paper consists of two main parts. In section II, we show that by generalizing the Horava-Witten mechanism
to fourteen dimensions, the action MOG emerges and the anomaly is removed. In section III, we extend this gravity
theory by including a fermionic field.
II. MOG WITHOUT ANOMALY IN FOURTEEN DIMENSIONS
Our goal is to show that by adding a 3-dimensional manifold to 11-dimensional spacetime in the Horava-Witten
mechanism, all anomalies can be removed and an action without anomaly can be produced. This action is identical
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2to the action of the modified gravity (MOG) theory presented in [1].
First, we introduce the Horava-Witten mechanism in 11-dimensional spacetime. In this model, the bosonic part of
the action in 11-dimensional supergravity (SUGRA) is given by [4, 5]:
SBosonic−SUGRA =
1
κ¯2
∫
d11x
√
g
(
− 1
2
R− 1
48
GIJKLG
IJKL
)
+ SCGG,
SCGG = −
√
2
3456κ¯2
∫
M11
d11xεI1I2...I11CI1I2I3GI4...I7GI8...I11 , (1)
where εI1I2..Ik is the rank-k Levi-Civita pseudotensor and CGG is used to denote the product term of the three-form
field CI1I2I3 and four-form field GIJKL, which are directly related to the gauge field A
I , field strength F IJ and Ricci
curvature RIJ [5]:
GIJKL = − 3√
2
κ2
λ2
ε(x11)(F[IJFKL] −R[IJRKL]) + ...,
δCABC = − κ
2
6
√
2λ2
δ(x11) tr(CFAB − CRAB),
G11ABC = (∂11CABC ± 23 permutations of the indices 11 and ABC) + κ
2
√
2λ2
δ(x11)ωABC ,
δωABC = ∂A tr(FBC) + cyclic permutations of ABC,
F IJ = ∂IAJ − ∂JAI ,
RIJ = ∂IΓ
B
JB − ∂JΓBIB + ΓAJBΓBIA − ΓAIBΓBJA,
ΓIJK = ∂IgJK + ∂KgIJ − ∂JgIK ,
GˆIJ = RIJ − 1
2
RgIJ , (2)
where  and C characterize infinitesimal gauge transformations [5]. Here, ε(x
11) is 1 for x11 > 0 and −1 for x11 < 0
and also δ(x11) = 12∂ε(x
11)/∂x11 is the Dirac delta function. As usual [5], tr is 1/30th of the trace Tr in the adjoint
representation for E8 × E8. The ellipsis (...) denotes terms that are regular near x11 = 0 hence vanish there [5].
The gauge variation of the CGG term in the action yields the following equation [5]:
δSCGG|11 = −
√
2
3456κ¯2
∫
M11
d11xεI1I2...I11δCI1I2I3GI4...I7GI8...I11
≈ − κ¯
4
128λ6
∫
M10
Σ5n=1(trF
n − trRn + tr(FnR5−n)), (3)
where trXn = tr(X[I1I2 ..XI2n−1I2n]) = ε
I1I2..I2n−1I2nXI1I2 ..XI2n−1I2n . The above terms cancel the anomaly of
(SBosonic−SUGRA) in 11-dimensional manifolds [5]:
δSCGG|11 = −δSanomalyBosonic−SUGRA. (4)
Thus, SCGG is necessary for anomaly cancelation. Our goal now is to find a good rationale for its inclusion. We
also answer the issue of the origin of CGG terms in 11-dimensional supergravity. In fact, we propose a theory in
which CGG terms appear in the supergravity action without being added by hand. To this end, we will show that
first, there are only point like manifolds with scalars which attach to them. By joining these manifolds, 1-dimensional
manifolds are emerged which gauge fields and gravitons live on them. Then, these manifolds glue to each other and
build higher N-dimensional manifolds with various orders of gauge fields and curvatures. Gauge fields are strings
with two ends which end produces one indice and totally field strength of gauge field has two indices. Some gauge
fields join to each other and form G-fields. These G-fields are constructed from linking two strings and have four
ends. Each end of string produce one indice and thus G-fields have four indices. By breaking one N-dimensional
manifold, two lower dimensional manifolds (child manifolds) are produced which are connected by an extra manifold,
called Chern-Simons manifold. Some strings are strengthed between child manifolds and produce anomaly. At this
stage, one end of some G-fields is located on Chern-Simons manifold and three other ends are placed on one of child
3manifolds. An observer that lives on one of child manifolds sees only three ends of some of G-fields. These fields play
the role of Chern-Simons fields or C-fields in supergravity. The anomaly which is produced in child manifolds can be
removed by extra terms which are produced by Chern-Simons manifold and gravity can be anomaly free. In fact, if
we sum over energies of child manifolds and Chern-Simons one get the energy of initial big Manifold which is anomaly
free. We discuss this subject in detail.
Before discussing the process of formation of various manifolds with different dimensions, we should obtain a relation
between string fields and matters and gravity. This helps us to re-formulate field theory in terms of derivatives of
strings. To do this, first, we assume that our universe is born on a D3-brane. Thus, evolution of universe can be
controlled by evolution of this brane and strings which live on it. Let us to introduce the action of D3-brane which
is given by [13]:
SD3 = −TD3
∫
d4y
√
−det(γ¯ab + 2pil2sFab),
γ¯ab = gµν∂aX
µ∂bX
ν ,
Fab = ∂aAb − ∂bAa (5)
where Ab is the gauge field, Fab is the field strength, X
µ is the string, gµν is the metric, TD3 is tension and ls is the
string length. Substituting X0 = t and doing some mathematical calculations, the acion D3-brane in equation (5) is
given by [13]:
SD3 = −TD3
∫
d4y
√
1 + gij∂aXi∂aXj − 4pi2l4sFabF ab, (6)
To construct our universe on a D3-brane, this action should be equal to the action of fields and gravity in 4-
dimensional universe. The action of matter and gravity is given by:
SGravity−Matter =
∫
d4y
√−g
(
R+ gab∂
aφ∂bφ− iψ¯γa∂aψ +AiAi + 1
2
φ2 + 1
)
, (7)
where φ is the scalar field and ψ is the fermionic field. Puting equation of (6) equal to the equation (7) and doing
some mathematical calculations, we obtain the relation between strings and matter fields:
SGravity−Matter = SD3
=⇒ Xi =
∫
dyi
√
−1 + 4pi2l4sFijF ij +
(√−g(1 + gijRij +AiAi + 1
2
φ2 + gij∂iφ∂jφ− iψ¯γi∂iψ)
)2
, (8)
where we have assumed TD3 ' 1 and 4pi2l4s ' 1. This equation shows that there is direct relation between strings
and fields in 4-dimensional field theory. Using this relation, we can consider the process of formation of manifolds
and fields which live on them.
At this stage, we will show that at the beginning, there are point like manifolds in space (See Figure 1) which
strings are attached to them. These manifolds have only one dimension in direction of time. All interactions between
strings on one manifold are the same and are concentrated on one point which manifold is located on it. The potential
of these interactions can be shown by a delta function and thus, the energy of manifold tends to one.
V (X˜I) = δ(X˜I)
EM0 = 1 =
∫
M0
dX˜IV (X˜I) =
∫
M0
dX˜Iδ(X˜I) =∫
M0
dX˜I(
1√
2piy
e−
X˜I X˜I
2y ) (9)
where M0 denotes the point like manifold, X˜I ’s are strings which attached to them and y is the length of point
which shrinks to zero. With new redifinition of string fields X˜I −→ √2piyXI , we get:
EM0 = 1 =
∫
M0
dXIe−piX
IXI (10)
4We can calculate the integral and obtain a solution for strings (XI):
∫
M0
dXIe−piX
IXI = 1 −→
1
2
erf(
√
XIXIpi) = 1 −→
XI ≈ JI (11)
where I is the unitary matrix. This equation shows that at the beginning, there is no interaction between strings
and they are the same. In fact, there is a very high symmetry for the early stages of world and all matters have the
same origin.
Manifold
String
String
FIG. 1: Point-like manifolds and attached strings.
At second stage, two point like manifolds join to each other and form a one dimensional manifold (See Figure 2.).
The interactions between strings on each point like manifold can be explained by a delta function and total interaction
of strings can be described by a big delta function. Because, all strings which are attached on one point like manifold,
interact with each other on one point and thus total potential is zero in other points and infinite in this special point.
Integrating over all these potentals yields:
EM01+M02 = 1 =
∫
M01+M
0
2
dX˜1
I
dX˜2Iδ(X˜1
I
X˜2
I
) =∫
M01+M
0
2
dX˜1
I
dX˜2Iδ(X˜1
I
)δ(X˜2
I
) =∫
M01+M
0
2
dX˜1
I
dX˜2I(
1√
2piy1
e−
X˜1
IX˜1I
2y1 )(
1√
2piy2
e−
X˜2
IX˜2I
2y2 ) (12)
where M01/2 denote the first or second point like manifolds,
˜X1/2
I
’s are strings which attached to them and y1/2
are the length of points which shrinks to zero. In above equation, there are two integrations which one is related to
time and other is corresponded to space. For this reason, we have 1-dimensional manifold in space and 2-dimensional
5manifold in space-time. Because of special properties of time, we only regard dimension of manifold in space. Again,
we redifine string fields X˜I −→ √2piyXI and obtain:
EM1 = 1 =
∫
M01+M
0
2
dXI1dX2Ie
−piXI1X1Ie−piX
I
2X2I (13)
When, point like manifolds join to each other and construct a one dimensional manifold, strings will be functions
of coordinates of both manifolds (XI(y1, y2)). We can rewrite equation (13) as:
EM1 = 1 =∫
M01+M
0
2
dyI1dy2I(
dXI1
dyI1
dX2I
dy2I
+
dXI1
dy2I
dX2I
dyI1
)e−piX
I
1X1Ie−piX
I
2X2I +∫
M01+M
0
2
dyI1dy1I(
dXI1
dyI1
dX2I
dy1I
)e−piX
I
1X1Ie−piX
I
2X2I +∫
M01+M
0
2
dyI2dy2I(
dXI1
dyI2
dX2I
dy2I
)e−piX
I
1X1Ie−piX
I
2X2I (14)
In above equation, one of coordinates can be known as time coordinate and other can be known as the space-
coordinate. Thus, ignoring time direction, above equation explains the energy along one dimensional manifold in
space. By using taylor method, we expand exponential functions over the crossed points. We obtain:
EM1 = 1 =∫
M01+M
0
2
dyI1dy2I(
dXI1
dyI1
dX2I
dy2I
+
dXI1
dy2I
dX2I
dyI1
) +∫
M01+M
0
2
dyI1dy1I(
dXI1
dyI1
dX2I
dy1I
) +
∫
M01+M
0
2
dyI2dy2I(
dXI1
dyI2
dX2I
dy2I
) +∫
M01+M
0
2
dyI1dy2I(
dXI1
dyI1
dX2I
dy2I
+
dXI1
dy2I
dX2I
dyI1
)pi2
∂
∂y2I
∂
∂yI1
(XI1X1I)
∂
∂y1I
∂
∂yI2
(XI2X2I)(y
I
2 − yI0)(y1I − y0I) +∫
M01+M
0
2
dyI1dy1I(
dXI1
dyI1
dX2I
dy1I
)pi2
∂
∂y1I
∂
∂yI1
(XI1X1I)
∂
∂y1I
∂
∂yI1
(XI2X2I)(y
I
1 − yI0)(y1I − y0I) +∫
M01+M
0
2
dyI2dy2I(
dXI1
dyI2
dX2I
dy2I
)pi2
∂
∂y2I
∂
∂yI2
(XI1X1I)
∂
∂y2I
∂
∂yI2
(XI2X2I)(y
I
2 − yI0)(y2I − y0I)−∫
M01+M
0
2
dyI1dy1I(
dXI1
dyI1
dX2I
dy1I
)pi2
∂
∂yI1
∂
∂y1I
∂
∂yI1
(XI1X1I)
∂
∂y1I
∂
∂y1I
∂
∂yI1
(XI2X2I)(y
I
1 − yI0)(y1I − y0I)−∫
M01+M
0
2
dyI2dy2I(
dXI1
dyI2
dX2I
dy2I
)pi2
∂
∂y2I
∂
∂y2I
∂
∂yI2
(XI1X1I)
∂
∂yI2
∂
∂y2I
∂
∂yI2
(XI2X2I)(y
I
2 − yI0)(y2I − y0I) (15)
In above equation, any change in the shape of strings is shown by an special derivative respect to coordinates. These
different shapes produce different types of matters like scalars, spinors and gauge fields. For example, symmetric
derivatives respect to coordinates, produce gravitons and anti-symmetric derivatives produce gauge fields (See figures
3, 4 and 5). Using the result in equation (8), we obtain:
XI1X1I = X
I
2X2I
dXIi
dyIj
= eij i, j = 1, 2
A1I →
∂
∂yI1
(XI1X1I)
6F12 →
( ∂
∂y2I
∂
∂yI1
(XI1X1I)−
∂
∂y1I
∂
∂yI2
(XI1X1I)
)
g12 →
( ∂
∂y2I
∂
∂yI1
(XI1X1I) +
∂
∂y1I
∂
∂yI2
(XI1X1I)
)
=(∂XI1
∂y2I
∂X1I
∂yI1
+
∂XI1
∂y1I
∂X1I
∂yI2
+ ...
)
=(
e12e11 + e11e
1
2
)
+ ...
∂
∂y2I
∂
∂yI1
(XI1X1I) =
1
2
( ∂
∂y2I
∂
∂yI1
(XI1X1I) +
∂
∂y1I
∂
∂yI2
(XI1X1I)
)
+
1
2
( ∂
∂y2I
∂
∂yI1
(XI1X1I)−
∂
∂y1I
∂
∂yI2
(XI1X1I)
)
=
1
2
g12 +
1
2
F12
φ→ ∂
∂y1I
∂
∂yI1
(XI1X1I)
√−gg12 → (dX
I
1
dyI2
dX2I
dy2I
) (16)
where g is the metric, F is the field strenth, A is the gauge field and φ is the scalar field (See figures 3, 4 and 5).
It is clear from figure 1 that scalars (φ) are produced by joining two ends of strings on point like manifolds. Figure
2, shows that if one end of string is located on one point like manifold and another point is placed on another point
manifold, one gauge field (Fij) is emerged. By changing the place of i and j, direction of fields is reversed. Figure 5
indicates that near the linked points of point-like manifolds, strings form symmetric shapes which can be known as a
graviton.
We also assume that point like manifolds are very closed to each other and thus, we have:
yI2 − yI0 = yI1 − yI0 = σ −→
1
pi
(17)
Using equations (17 and 16) in equation (15), we obtain:
EM1 = 1 = (X
IXI)−
∫
M01+M
0
2
d2y
√−g
(1
4
∂iφ∂
iφ+
1
4
ijkfFijFkf − 1
2
gijgij + V (φ)
)
i, j = 1, 2
V (φ) = 1 +
φ2
2
(18)
This equation shows that by joining point like manifolds and formation of 1-dimensional manifolds, gauge fields
and scalars are appeared. Also, the shape of energy which is produced during this process, is very the same of energy
of matters in usual quantum field theory. To consider the process of creation of gravity, we go towards next steps.
At third stage, two one dimensional manifold or three point like manifolds join to each other and construct a
2-dimensional manifold (See Figure 6.). Similar to previous stages, the potential of interactions between strings on
joined point like manifolds should be explained by delta functions. We can write:
EM11+M12 = EM01+M02+M03 = 1 =∫
M01+M
0
2+M
0
3
dX˜1
I
dX˜2IdX˜3Iδ(X˜1
I
)δ(X˜2
I
)δ(X˜3
I
) =
7 M1 M2
1­dimensional manifold
Y1 Y2
 Mi  is a point­like manifold = Yi
FIG. 2: Constructing of one dimensional manifold by joining point like manifolds.
 M1 M2
1­dimensional manifold
k=mj=i
Scalar Scalar
FIG. 3: Strings which both ends of them is located on one point like manifold form scalar fields (φ).
∫
M01+M
0
2+M
0
3
dX˜1
I
dX˜2IdX˜3I(
1√
2piy1
e−
X˜1
IX˜1I
2y1 )(
1√
2piy2
e−
X˜2
IX˜2I
2y2 )(
1√
2piy3
e−
X˜3
IX˜3I
2y3 ) (19)
Redifining string fields X˜I −→ √2piyXI yields:
EM2 = 1 =
∫
M01+M
0
2+M
0
3
dXI1dX2IdX3Ie
−piXI1X1Ie−piX
I
2X2Ie−piX
I
3X3I (20)
By joining point like manifolds to each other and building a 2-dimensional manifold, strings will be functions of
coordinates of three manifolds (XI(y1, y2, y3)). Thus, equation (20) can be rewritten as:
EM2 = 1 =∫
M01+M
0
2+M
0
3
dyI1dy2Idy3I(Σi,j,k=1,2,3
dXIi
dyIj
dXIj
dyIk
dXIk
dyIi
)×
e−piX
I
1X1Ie−piX
I
2X2Ie−piX
I
3X3I +∫
M01+M
0
2+M
0
3
dyI1dy1Idy1I(
dXI1
dyI1
dX2I
dy1I
dX3I
dy1I
)e−piX
I
1X1Ie−piX
I
2X2Ie−piX
I
3X3I +
8M2
j
 M1
i
F­field
F­field
 M1
j
M2
i
FIG. 4: Strings which one end is place on one point like manifold and other is located on another point like manifold form
Gauge fields (F-fields (Fij)).
M2 M1
ij
Graviton
1­dimensional Manifold
FIG. 5: Strings which two ends are placed near linked point and construct a symmetric shape, form graviton fields (gij).
∫
M01+M
0
2+M
0
3
dyI2dy2Idy2I(
dXI1
dyI2
dX2I
dy2I
dX3I
dy2I
)e−piX
I
1X1Ie−piX
I
2X2Ie−piX
I
3X3I +∫
M01+M
0
2+M
0
3
dyI3dy3Idy3I(
dXI1
dyI3
dX2I
dy3I
dX3I
dy3I
)e−piX
I
1X1Ie−piX
I
2X2Ie−piX
I
3X3I (21)
One of these coordinates is known as time coordinate and two others are known as spacial coordinates. Ignoring
time dimension, we have 2-dimensional manifold in space. By applying taylor mechanism and expand exponential
functions over the crossed points, we re-obtain all terms of equation (15) in additional to following integration:
EM2 = 1 = 2EM1 −
9∫
M01+M
0
2+M
0
3
dyI1dy2Idy3I(Σi,j,k=1,2,3
dXIi
dyIj
dXIj
dyIk
dXIk
dyIi
)×
pi3(Σi,j,k=1,2,3(
∂
∂yiI
(XIi XiI) +
∂
∂yiI
∂
∂yIj
(XIi XiI) +
∂
∂yiI
∂
∂yIj
∂
∂ykI
(XIi XiI) + 1)×
(1 +
∂
∂yiI
(XIjXjI) +
∂
∂yiI
∂
∂yIj
(XIjXjI) +
∂
∂yjI
∂
∂yIi
∂
∂ykI
(XIjXjI))×
(
∂
∂yiI
(XIkXkI) +
∂
∂yiI
∂
∂yIj
(XIkXkI) +
∂
∂ykI
∂
∂yIi
∂
∂yjI
(XIkXkI) + 1)×(
Σijk=0,1,2,3(y
I
3 − yI0)i(yI2 − yI0)j(y1I − y0I)k
)
+ ... (22)
Thus, energy of 2-dimensional manifold can be obtained by summing over energies of 1-dimensional manifolds plus
extra energy which is needed for linking manifolds. Using results in equation (8 and 16), we can calculate terms in
above integration:
XI1X1I = X
I
2X2I = X
I
3X3I
∂
∂y3I
∂
∂y2I
∂
∂yI1
(XI1X1I) =
1
2
∂
∂y3I
(g12) +
1
2
123
∂
∂y3I
(F12) + ...⇒
Σijk
∂
∂ykI
∂
∂yjI
∂
∂yIi
(XIi XiI) =
1
2
Σijk(
∂
∂ykI
(gij) + 
ijk ∂
∂ykI
(Fij)) + ... =
1
2
Σijk(
∂
∂ykI
(gij) +
∂
∂yiI
(gkj)− ∂
∂yiI
(gkj) + 
ijk ∂
∂ykI
(Fij)) + .... =
1
2
Σijk(
ijk
I Γijk + 
ijk ∂
∂ykI
(Fij)) + .... (23)
Similar to previous stages, we assume that point like manifolds are very closed to each other and thus, we can write:
yI3 − yI0 = yI2 − yI0 = yI1 − yI0 = σ −→
1
pi
(24)
Using equations ( 15,16, 17, 18, 23, 24) in equation (22), we obtain:
EM2 = 1 = 
I(XIXIXI)−∫
M2
d3y
√−g
(1
4
∂iφ∂
iφ+
1
4
ijkfFijFkf +
1
6
ijkflmFijFkfFlm +
+
1
6
ijkflm∂lFij∂mFkf − 1
2
gijgij + 
ijkΓijk + Γ
ijkΓijk + V (φ)
)
i, j = 1, 2, 3
V (φ) = 1 +
φ2
2
− φ
3
6
(25)
This equation indicates that by joining 1-dimensional manifolds and constructing 2-dimensional manifolds, the first
signature of gravity is appeared. In fact, energy of system not only includes energy of matters but also contains some
Γ terms which are the first steps towards gravity.
At fourth stage, four point like manifolds or 2-dimensional manifolds join to each other and construct a 3-dimensional
manifold (See Figure 7). Again, the potential of interactions between strings on the point like manifolds should be
described by delta functions. We get:
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2D Manifold M= Mi x Mj
 Mi 
 Mj 
FIG. 6: Constructing of 2-dimensional manifold by joining point like manifolds.
EM01+M02+M03+M04 = 1 =∫
M01+M
0
2+M
0
3+M
0
4
dX˜1
I
dX˜2IdX˜3IdX˜4
I
δ(X˜1
I
)δ(X˜2
I
)δ(X˜3
I
)δ(X˜4
I
) =∫
M01+M
0
2+M
0
3+M
0
4
dX˜1
I
dX˜2IdX˜3IdX˜4
I
(
1√
2piy1
e−
X˜1
IX˜1I
2y1 )(
1√
2piy2
e−
X˜2
IX˜2I
2y2 )(
1√
2piy3
e−
X˜3
IX˜3I
2y3 )(
1√
2piy4
e−
X˜4
IX˜4I
2y4 )
(26)
It is clear that for 3-dimensional manifold, there are 3+1 integrations. Extra dimension is corresponded to time
and totaly, we have 4-dimensional manifold. By using new difinition of string fields X˜I −→ √2piyXI , we obtain:
EM3 = 1 =
∫
M01+M
0
2+M
0
3+M
0
4
dXI1dX2IdX3IdX
I
4e
−piXI1X1Ie−piX
I
2X2Ie−piX
I
3X3Ie−piX
I
4X4I (27)
When point like manifolds join to each other and construct a 3-dimensional manifold, strings will be functions of
coordinates of four manifolds (XI(y1, y2, y3, y4)). In these conditions, equation (27) can be taken the following shape:
EM3 = 1 =∫
M01+M
0
2+M
0
3+M
0
4
dyI1dy2Idy3Idy
I
4(Σi,j,k,f=1,2,3,4
dXIi
dyIj
dXIj
dyIk
dXIk
dyIi
dXIi
dyIf
)×
e−piX
I
1X1Ie−piX
I
2X2Ie−piX
I
3X3Ie−piX
I
4X4I +∫
M01+M
0
2+M
0
3+M
0
4
dyI1dy1Idy1Idy
I
1(
dXI1
dyI1
dX2I
dy1I
dX3I
dy1I
dX4I
dy1I
)e−piX
I
1X1Ie−piX
I
2X2Ie−piX
I
3X3Ie−piX
I
4X4I +∫
M01+M
0
2+M
0
3+M
0
4
dyI2dy2Idy2Idy
I
2(
dXI1
dyI2
dX2I
dy2I
dX3I
dy2I
dX4I
dy2I
)e−piX
I
1X1Ie−piX
I
2X2Ie−piX
I
3X3Ie−piX
I
4X4I +∫
M01+M
0
2+M
0
3+M
0
4
dyI3dy3Idy3Idy
I
3(
dXI1
dyI3
dX2I
dy3I
dX3I
dy3I
dX4I
dy3I
)e−piX
I
1X1Ie−piX
I
2X2Ie−piX
I
3X3Ie−piX
I
4X4I +∫
M01+M
0
2+M
0
3+M
0
4
dyI4dy4Idy4Idy
I
4(
dXI1
dyI4
dX2I
dy4I
dX3I
dy4I
dX4I
dy4I
)e−piX
I
1X1Ie−piX
I
2X2Ie−piX
I
3X3Ie−piX
I
4X4I (28)
Similar to previous stages, using taylor mechanism and expanding exponential functions over the crossed points
yields all terms of equation (15 and 22) in additional to following integration:
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EM3 = 1 = 3EM2 −∫
M01+M
0
2+M
0
3+M
0
4
dyI1dy2Idy3Idy
I
4(Σi,j,k,f=1,2,3,4
dXIi
dyIj
dXIj
dyIk
dXIk
dyIi
dXIi
dyIf
)×
pi4(Σi,j,k,f=1,2,4(
∂
∂yiI
(XIi XiI) +
∂
∂yiI
∂
∂yIj
(XIi XiI) +
∂
∂yiI
∂
∂yIj
∂
∂ykI
(XIi XiI) +
∂
∂yiI
∂
∂yIj
∂
∂ykI
∂
∂yIf
(XIi XiI) + 1)×
(1 +
∂
∂yjI
(XIjXiI) +
∂
∂yiI
∂
∂yIj
(XIjXjI) +
∂
∂yiI
∂
∂yIj
∂
∂ykI
(XIjXjI) +
∂
∂yjI
∂
∂yIi
∂
∂ykI
∂
∂yIf
(XIjXjI))×
(
∂
∂yiI
(XIkXkI) +
∂
∂yiI
∂
∂yIj
(XIkXkI) +
∂
∂yiI
∂
∂yIj
∂
∂ykI
(XIkXkI) +
∂
∂ykI
∂
∂yIi
∂
∂yjI
∂
∂yIf
(XIkXkI) + 1)×
(
∂
∂yiI
(XIfXfI) +
∂
∂yiI
∂
∂yIj
(XIfXfI) +
∂
∂yiI
∂
∂yIj
∂
∂ykI
(XIfXfI) +
∂
∂yfI
∂
∂ykI
∂
∂yIi
∂
∂yjI
(XIfXfI) + 1)×(
Σijkf=0,1,2,3,4(y
I
4 − yI0)f (yI3 − yI0)i(yI2 − yI0)j(y1I − y0I)k
)
+ ... (29)
This equation indicates that energy of 3-dimensional manifold can be derived by summing over energies of 2-
dimensional manifolds plus extra energy which is needed for linking manifolds. Using definitions in equation (8, 16
and 23 ), we can obtain terms in above integration:
XI1X1I = X
I
2X2I = X
I
3X3I = X
I
4X4I
Σijkf
∂
∂yIf
∂
∂ykI
∂
∂yjI
∂
∂yIi
(XIi XiI) ≈
1
2
Σijkf (
ijkf
I
∂
∂yIf
Γijk + 
ijkf ∂
∂yIf
∂
∂ykI
(Fij)) =
1
2
Σijkf (
ijkf
I
1
2
[
∂
∂yIf
Γijk − ∂
∂yIi
Γfjk] +
I
1
2
[
∂
∂yIf
Γijk +
∂
∂yIi
Γfjk] + 
ijkf ∂
∂yIf
∂
∂ykI
(Fij)) (30)
Again, we assume that point like manifolds are very closed to each other and thus, we can obtain:
yI4 − yI0 = yI3 − yI0 = yI2 − yI0 = yI1 − yI0 = σ −→
1
pi
(31)
Using equations ( 15,16, 17, 18,22,23, 24, 25, 30, 31 ) in equation (29), we obtain:
EM3 = 1 = X
IXIXIXI −∫
M2
d4y
√−g
(
gij [∂iΓ
k
jk − ∂jΓkik + ΓkjfΓfik − ΓkifΓfjk]−
1
2
∂iφ∂
iφ−
1
4
ijkmFijFkm − 1
6
ijkmlnFijFkmFln − 1
24
ijkmlnfvFijFkmFlnFfv −
1
6
ijkmln∂lFij∂nFkm − 1
24
ijkmlnfv∂l∂fFij∂n∂vFkm + V (φ) + ...) =
XIXIXIXI −
∫
M3
d4y
√−g
(
R− 1
2
∂iφ∂
iφ− 1
4
ijkmFijFkm
−1
6
ijkmlnFijFkmFln − 1
24
ijkmlnfvFijFkmFlnFfv − 1
2
gijgij −
1
6
ijkmln∂lFij∂nFkm − 1
24
ijkmlnfv∂l∂fFij∂n∂vFkm + V (φ) + ...) i, j = 1, 2, 3, 4
12
V (φ) = 1 +
φ2
2
− φ
3
6
+
φ4
24
(32)
Above equation shows that by joining 2-dimensional manifolds and building 3-dimensional ones, gravity is emerged
completely. In fact, energy of system devided to two parts, one is related to matters and usual quantum field theory
and other is corresponded to curvatures which are direct signatures of gravity. Our universe is a three-dimensional
manifold in space which has also one time dimension. For this reason, we can observe that energy of 3-dimensional
manifold is the same of energy of matter fields in our universe.
  3D  Manifold M= Mi x Mj x Mk
 Mi 
 Mk 
 Mj 
FIG. 7: Constructing of 3-dimensional manifold by joining point like manifolds.
Now, we can generalize this mechanism to N-dimensional manifold in space (See Figure 8). This manifold can
be constructed by joining (N+1) point like manifolds, which the density potential of interactions between strings on
them could be explained by delta functions. In fact, all interactions on one point like manifold are concentrated on
one point and thus total potential is approximately infinite. This potential which is zero in other points and infinite
in one special point can be described by delta function. Integration over all these potentals, we obtain total energy
of system:
EM0i =
∫
M0i
dX˜i
I
V (X˜i
I
) =
∫
M0i
dX˜i
I
δ(X˜i
I
) = 1⇒
EM01+...+M0N+1 = 1 =∫
M01+...+M
0
N+1
dX˜1
I
...d ˜XN+1
I
δ(X˜1
I
)...δ( ˜XN+1
I
) =
∫
M01+...+M
0
N+1
dX˜1
I
...d ˜XN+1
I
(
1√
2piy1
e−
X˜1
IX˜1I
2y1 )...(
1√
2piyN+1
e
−
˜XN+1
I ˜XN+1I
2yN+1 )
(33)
In above equation, energy of manifold is normalized to one. It is observed that for N-dimensional manifold, there
are N+1 integrations. Extra dimension is related to time and totaly, we have N+1-dimensional manifold. Applying
new difinition of string fields X˜I −→ √2piyXI , we get:
EMN = 1 =
∫
M01+....+M
0
N+1
dXI1 ...dX
I
N+1e
−piXI1X1I ....e−piX
I
N+1XN+1I (34)
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By joining point like manifolds and constructing a N-dimensional manifold, strings will be functions of coordinates
of N+1 manifolds (XI(y1....yN+1)). Thus, equation (34) can be written the following form:
EMN = 1 =∫
M01+...+M
0
N+1
dyI1 ...dy
I
N+1(Σi1,...iN+1=1...N+1
dXIi2
dyIi1
dXIi1
dyIi2
...
dXIiN+1
dyIiN
dXIiN
dyIiN+1
e−piX
I
i1
Xi1I ...e
−piXIiN+1XiN+1I +∫
M01+...+M
0
N+1
dyIi1 ...dy
i1I(
dXIi1
dyIi1
....
dXiN+1I
dyi1I
)e−piX
I
i1
Xi1I ...e
−piXIiN+1XiN+1I +
...+∫
M01+...+M
0
N+1
dyIiN+1 ...dy
iN+1I(
dXIi1
dyIiN+1
....
dXiN+1I
dyiN+1I
)e−piX
I
i1
Xi1I ...e
−piXIiN+1XiN+1I (35)
Using taylor method and expanding exponential functions over the crossed points, we obtain all terms of equation
(15, 22 and 29) in additional to following integration:
EMN = 1 = NEMN−1 −∫
M01+...+M
0
N+1
dyI1 ...dy
I
N+1(Σi1,...iN+1=1...N+1
dXIi2
dyIi1
dXIi1
dyIi2
...
dXIiN+1
dyIiN
dXIiN
dyIiN+1
×
piN+1(Σi1,...,iN+1=1,,,,N+1(
∂
∂yi1I
(XIi1Xi1I) + ....+
∂
∂yi1I
...
∂
∂yIiN+1
(XIi1Xi1I) + 1)×
....×
(
∂
∂yi1I
(XIiN+1XiN+1I) + ...+
∂
∂yi1I
...
∂
∂yIiN+1
(XIiN+1XiN+1I) + 1)×(
Σi1,...iN+1=0...N+1(y
I
iN+1 − yI0)iN+1 ....(y1I − y0I)i1
)
+ ... (36)
This equation shows that energy of N-dimensional manifold can be obtained by summing over energies of N-1-
dimensional manifolds plus extra energy which is needed for linking manifolds. On the other hand, N-1-dimensional
can be built from (N-2)-dimensional manifolds. Also, this manifold can be produced by joining lower dimensional
manifolds. Finally, we can conlude that each manifold is constructed from zer0-dimensional or point-like manifolds.
Extra energy which is created during producing manifolds can construct usual field theory in 4-dimensional universe.
Using definitions in equation (8, 16, 23 and 30 ), we can calculate terms in above integrations:
XI1X1I = .... = X
I
jXjI
Σi1,...iN+1=1,..N+1
∂
∂yIiN+1
.....
∂
∂yIi1
(XIjXjI) ≈
1
2
Σi1,...,iN+1=1,..N+1(
i1...iN+1
∂
∂yIi4
...
∂
∂yIiN+1
(Γi1i2i3)− i1...iN+1
∂
∂yIi3
...
∂
∂yIiN+1
(Fi1i2)) + .... (37)
Again, we assume that point like manifolds are very closed to each other and thus, we can obtain:
yIi − yI0 = ...yI3 − yI0 = yI2 − yI0 = yI1 − yI0 = σ −→
1
pi
(38)
Using equations ( 15,16, 17, 18,22,23, 24, 25,29, 30, 31, 32,37, 38 ) in equation (36), we obtain:
EMN = 1 = (X
IXI)
N
2 −∫
MN
dN+1y
√−g
(
R− 1
2
∂iφ∂
iφ− 1
4
ijkmFijFkm
14
−1
6
ijkmlnFijFkmFln − 1
24
ijkmlnfvFijFkmFlnFfv − 1
2
gijgij −
1
6
ijkmln∂lFij∂nFkm − 1
24
ijkmlnfv∂l∂fFij∂n∂vFkm −
.....−
1
N(N − 1)..1
i1i2...iN (Fi1i2 ...FiN−3iN−2FiN−1iN )...+
1
N(N − 1)..1
i1i2...iN (Ri1i2 ...RiN−3iN−2RiN−1iN )−
.....−
1
N(N − 1)..1
i1i2...iN (∂i1 ...∂iN−2FiN−1iN )...+
1
N(N − 1)..1
i1i2...iN (∂i1 ...∂iN−2RiN−1iN ) + V (φ) + ...
)
V (φ) = 1 +
φ2
2
..+
φN
N(N − 1)...1 (39)
This equation shows that by joining point like manifolds and constructing N-dimensional ones, the related energy
in usual quantum field theory is appeared. Also, there are some extra terms related to higher order of gauge fields,
curvatures and their derivatives that number of ordering depends on the number of dimension of manifold. This
means that by increasing number of dimensions, order of fields and their derivatives grows.
point like
manifold
N-1
N
N-2
3
21
1-dimensional manifold
manifold
N-dimensional
FIG. 8: Constructing of N-dimensional manifold by joining point like manifolds.
Now, the question arises that what is the origin of the emergence of anomaly for some specian number of dimensions.
We will show that if N-dimensional manifold is broken to two or more manifolds, strings which are attached on each
manifod depend on the coordinates of that manifold and miss the dependency on the coordinates of other manifolds.
However, some strings are located between two manifolds and are functions of coordinates of both manifolds (See
Figure 9). These strings produce the anomaly in each broken manifold which can be removed by regarding effect of
other manifolds.
Using equation (36) and regarding strings which are strengthed between two manifolds, we can obtain the energy
of P-dimensional manifold:
EMP ,broken = 1 = PEMP−1 −∫
M01+...+M
0
P+1
dyI1 ...dy
I
P+1(Σi1,...iP+1=1...P+1
dXIi2
dyIi1
dXIi1
dyIi2
...
dXIiP+1
dyIiP
dXIiP
dyIiP+1
×
piP+1(Σi1,...,iP+1=1,,,,P+1(
∂
∂yi1I
(XIi1Xi1I) + ....+
∂
∂yi1I
...
∂
∂yIiP+1
(XIi1Xi1I) + 1)×
....×
(
∂
∂yi1I
(XIiP+1XiP+1I) + ...+
∂
∂yi1I
...
∂
∂yIiP+1
(XIiP+1XiP+1I) + 1)×
[ΣN−Pn=1 Πn(
∂
∂yi1I
(XIiP+1+nXiP+1+nI) + ...+
∂
∂yi1I
...
∂
∂yIiP+1
(XIiP+1+nXiP+1+nI) + 1)]×
15(
Σi1,...iP+1=0...P+1(y
I
iP+1 − yI0)iP+1 ....(y1I − y0I)i1
)
+ ... (40)
In above equation, some extra strings have been aded to usual energy of manifold. These strings are produced during
the breaking of parent manifold and the emergence of new child manifolds. They are functions of both coordinates of
two child manifolds and stringthed between them. We can rewrite the relation between energy of manifold which is
produced by breaking of bigger manifold and the energy of manifold which is produced by joining point like manifolds:
XI1X1I = .... = X
I
jXjI 6= XIiP+1+nXiP+1+nI
EMP ,broken = EMP ×
[ΣN−Pn=1 Πn(
∂
∂yi1I
(XIiP+1+nXiP+1+nI) + ...+
∂
∂yi1I
...
∂
∂yIiP+1
(XIiP+1+nXiP+1+nI) + 1)] (41)
Using equations ( 15,16, 17, 18,22,23, 24, 25,29, 30, 31, 32, 36, 37, 38,39 ) in equation (41), we obtain:
EMP ,broken ≈
−
∫
MP
dP+1y
√−g
(
R− 1
2
∂iφ∂
iφ− 1
4
ijkmFijFkm
−1
6
ijkmlnFijFkmFln − 1
24
ijkmlnfvFijFkmFlnFfv − 1
2
gijgij −
1
6
ijkmln∂lFij∂nFkm − 1
24
ijkmlnfv∂l∂fFij∂n∂vFkm −
.....−
1
P (P − 1)..1
i1i2...ip(Fi1i2 ...FiP−3iP−2FiP−1iP )...+
1
P (P − 1)..1
i1i2...iP (Ri1i2 ...RiP−3iP−2RiP−1iP )−
.....−
1
P (P − 1)..1
i1i2...iP (∂i1 ...∂iP−2FiP−1iP )...+
1
P (P − 1)..1
i1i2...iP (∂i1 ...∂iP−2RiP−1iP ) + ...
)
×(
1 + [ΣN−Pn=1 Πn(Σ
P
i1,,,iP=1(A
iP+1+n
i1
+ ∂i2∂i3 ...∂iPA
iP+1+n
i1
+ gi1iP+1+n + ∂i2∂i3 ...∂ipgi1iP+1+n))]
)
(42)
where A
iP+1+n
i1
and gi1ip+1+n play the role of gauge fields and graviton which move between manifolds. In fact, they
are strings that strengthed between manifolds. Indice i1 is related to one end of string which is attached to the broken
manifold and indice iP+1+n is corresponded to the end of string which is located between manifolds. We can show
that these fields produce the anomaly. For this we calculate the gauge variation of energy in equation (42):
δAEMP ,broken ≈∫
MP
dP+1y
√−g
( 1
P (P − 1)..1
i1i2...ip(Fi1i2 ...FiP−3iP−2FiP−1iP )−
1
P (P − 1)..1
i1i2...iP (Ri1i2 ...RiP−3iP−2RiP−1iP ) + ...
)
δAEMN = 0 (43)
These results are in good agreement with the anomaly which has been obtained in Horava-Witten mechanism for
10-dimensional manifold in space plus one dimension in time [4, 5]. This means that the main reason for producing
anomaly is the gauge fields and gravitons which fly between child manifolds. They are produced by breaking of parent
manifolds and production of child manifolds. These fields can peoduce a new manifold which acts as a bridge between
child manifolds (See Figure 10). For future goals, we call this manifold as a Chern-Simons manifold. In fact, if we sum
over energies of child manifolds and Chern-Simons one, we obtain the energy of un-broken and initial N-dimensional
Manifold which is anomaly free (δAEMN = 0).
Until now, we have discussed about the emergence of field strength with two indices during formation of N-
dimensional manifolds. While in supergravity (See equation (1)), we have G-fields with four indices. Now, the
question arises that what is the origin of these fields? In equation (2), we observed that G-fields with four indices
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FIG. 9: N-dimensional manifold can be broken to two lower dimensional manifolds and some strings are attached to them.
FIG. 10: Strings between child manifolds produce Chern-Simons manifold.
have a direct relation with F-terms with two indices. In fact, F-fields are produced by moving of two ends of strings.
By joining two strings, an object with four ends is created which produces G-fields (See Figure 11).This means that
number of indices or rank of field strengths is related to the number of ends of strings or objects which are produced
by them. Using one of terms in energy of P-dimensional manifold in equation (42) and the relation between F-terms
and G-therms in equation (2), we can extract GG-terms in the action of supergravity in equation (1):
GIJKL ≈ F[IJFKL] −→
EMP ,broken ≈ −
∫
MP
dP+1y
√−g
( 1
24
ijkmlnfvFijFkmFlnFfv + .....
)
≈∫
MP
dP+1y
√−g
( 1
24
ijkmlnfvGijkmGlnfv + .....
)
(44)
This equation shows that by joining F-fields, G-fields are emerged and produce GG-terms in the action of super-
gravity. In fact, by increasing dimension of manifolds, higher orders of F-fields are created that can cause to the
production of G-terms with more indices.
Now, we can show that by breaking manifolds, three ends of G-fields is located on P-dimensional manifold and one
of ends of this field is placed on Chern-Simons manifold. In these conditions, C-fields in the action of supergravity (See
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FIG. 11: Strings with two ends produce F-fields and objects with four indices, produce G-terms.
equation (1)) are created by breaking of G-fields (See Figure 12). Using one another terms of energy of P-dimensional
manifold in equation (42) and the relation between F-terms and C-therms in equation (2), we can extract CGG-terms
in the action of supergravity in equation (1):
C
iP+1+n
i2i3i1
= i2i3i1Fi2i3A
iP+1+n
i1
−→
ECGG..G ≈ −
∫
MP
dP+1y
√−g
( 1
P (P − 1)..1
i1i2...ip(Fi1i2 ...FiP−3iP−2FiP−1iP ) + ...
)
×(
1 + [ΣN−Pn=1 Πn(Σ
P
i1,,,iP=1(A
iP+1+n
i1
+ ∂i2∂i3 ...∂iPA
iP+1+n
i1
+ gi1iP+1+n + ∂i2∂i3 ...∂ipgi1iP+1+n))]
)
≈
−
∫
MP
dP+1y
√−g
( 1
P (P − 1)..1
i1i2...ip(Fi1i2 ...FiP−3iP−2FiP−1iP ) + ...
)
A
iP+1+n
i1
+ .. ≈
−
∫
MP
dP+1y
√−g
( 1
P (P − 1)..1
i1i2...ip(C
iP+1+n
i1i2i3
Gi4i5i6i7 ..GiP−2iP−1iP iP+1 + ...
)
(45)
For P=10, above energy can be reduced to CGG-terms in eleven-dimensional supergravity:
ECGG ≈ −
∫
M11
d11y
√−g
( 1
10(9)..1
i1i2...i11(C
i11+n
i1i2i3
Gi4i5i6i7Gi8i9i10i11 + ...
)
(46)
Above results show that by breaking manifolds, one of ends of some of G-fields are placed on Chern-Simons manifold.
These fields are observed only with three inices from an observer on P-dimensional manifold. These types of fields
are known as C-fields. Then, these fields interact with other G-fields on the manifold and produce CGG terms in the
action of supergravity. Extra indice iP+1+n on C-fields indicates that one of ends of this field is located outside of
broken manifold and on Chern-Simons manifold (See Figure 12).
Until now, we have have obtained the explicit relation between scalars, gauge fields, gravitons, G-fields, C-fields
and strings. We also calculated the energy of gravity and matter fields which live on N-dimensional manifold. We
have discussed that by breaking N-dimensional manifold, lower dimensional manifolds plus Chern-Simons manifold are
created. We have shown that strings which are strengthed between two manifolds are the main cause of the emergence
of anomaly. Now, we want to limit our selves to two 11-dimensional manifolds in Horava-Witten mechanism plus
extra three dimensional Chern-Simons manifold which connect them. We obtain the exact terms of MOG gravity and
show that this type of modified gravity is anomaly free.
Using equation (15,16, 17, 18,22,23, 24, 25,29, 30, 31, 32, 36, 37, 38, 39) for strings, we can obtain the relation
between fields and strings [8, 14]:
1
EMN
= EMN = 1⇒
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FIG. 12: C-fields have three ends on P-dimensional manifold and one end on Chern-Simons manifold.
[(XIXI)
N
2 −
∫
MN
dN+1y
√−g
(
R− 1
2
∂iφ∂
iφ− 1
4
ijkmFijFkm
−1
6
ijkmlnFijFkmFln − 1
24
ijkmlnfvFijFkmFlnFfv − 1
2
gijgij −
1
6
ijkmln∂lFij∂nFkm − 1
24
ijkmlnfv∂l∂fFij∂n∂vFkm −
.....−
1
N(N − 1)..1
i1i2...iN (Fi1i2 ...FiN−3iN−2FiN−1iN )...+
1
N(N − 1)..1
i1i2...iN (Ri1i2 ...RiN−3iN−2RiN−1iN )−
.....−
1
N(N − 1)..1
i1i2...iN (∂i1 ...∂iN−2FiN−1iN )...+
1
N(N − 1)..1
i1i2...iN (∂i1 ...∂iN−2RiN−1iN ) + V (φ) + ...
)
]−1 =
[(XIXI)
N
2 −
∫
MN
dN+1y
√−g
(
R− 1
2
∂iφ∂
iφ− 1
4
ijkmFijFkm
−1
6
ijkmlnFijFkmFln − 1
24
ijkmlnfvFijFkmFlnFfv − 1
2
gijgij −
1
6
ijkmln∂lFij∂nFkm − 1
24
ijkmlnfv∂l∂fFij∂n∂vFkm −
.....−
1
N(N − 1)..1
i1i2...iN (Fi1i2 ...FiN−3iN−2FiN−1iN )...+
1
N(N − 1)..1
i1i2...iN (Ri1i2 ...RiN−3iN−2RiN−1iN )−
.....−
1
N(N − 1)..1
i1i2...iN (∂i1 ...∂iN−2FiN−1iN )...+
1
N(N − 1)..1
i1i2...iN (∂i1 ...∂iN−2RiN−1iN ) + V (φ) + ...
)
] (47)
Assuming that fields change slowly respect to coordinates and using of GˆIJ = RIJ − 12RgIJ , we can solve above
equation and obtain the better result respect to equation (8) for relation between strings and fields:
IJ = JI
XI = II + yI + Iφ+AI + yJ(F
IJ −RIJ + ∂Iφ∂Jφ− IJΣnGˆ−n2−1 + ...) (48)
where φ is the scalar field, and AI is the gauge field and Γ has the relation with the curvature (R) and IJ is a
unit vector in direction of (J-th) dimension. Previously, we have shown that before joining point like manifolds and
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formation of higher dimensional manifolds, the origin of all matter and strings are the same and they are equal to unit
vectors (IJ = IJ (J is a symbole that caries indice of dimension)). Then, by constructing N-dimensional manifolds
by joining point like manifolds, some extra fields (φ,AI) are appeared and interact with each other. Before joining
point like manifolds, we have a symmetry which can be explained in terms of unit vectors. In the static state, all
strings can be described by unit vectors. When manifolds interact with each other, the symmetry is broken and fields
emerge.
By above definition, we can show that gauge fields and curvatures in energy of manifolds like equation (39) can
be replaced by Poisson brackets. These brackets help us to propose a unified model for writing interacting terms in
action or energy. In fact, using of Poisson brackets instead of many various fields in action, make the complicated
calculations very easy. For this, using equation (48), we obtain following relation:
{XI , XJ} = ΣI,JεI′J′ ∂X
I
∂yI′
∂XJ
∂yJ′
= F IJ −RIJ + ∂Iφ∂Jφ− IJΣnGˆ−n2−1 + .... (49)
where  is a symbole which carries indices of dimensions. Above equation shows that various fields like gauge fields
and curvatures in energy or action can be replaced by a unified shape of poisson brackets. Using this technique makes
the calculations easy and help us to find ways for removing the anomaly from manifolds. Using 4-dimensional instead
of 2-dimensional brackets, we can obtain the GG term GIJKLG
IJKL in supergravity in terms of strings (X):
GIJKL = {XI , XJ , XK , XL} = εI′J′K′L′ ∂X
I
∂yI′
∂XJ
∂yJ′
∂XK
∂yK′
∂XL
∂yL′
⇓∫
d11x
√
g
(
GIJKLG
IJKL
)
=
∫
d11x
√
g
(
εI′J′K′L′
∂XI
∂yI′
∂XJ
∂yJ′
∂XK
∂yK′
∂XL
∂yL′
εI
′′J′′K′′L′′ ∂X
I
∂yI′′
∂XJ
∂yJ′′
∂XK
∂yK′′
∂XL
∂yL′′
)
. (50)
Equation (50) helps us extract the CGG terms from the GG terms in supergravity. To this end, we will add a
3-dimensional manifold related to Lie-three-algebra to the 11-dimensional supergravity by using the properties of
strings (X) in Nambu-Poisson brackets [14]:
XI = II + yI + Iφ+AI + yJ(F
IJ −RIJ + ∂Iφ∂Jφ− IJΣnGˆ−n2−1 + ...)
⇓
∂XI5
∂yI5
≈ δ(yI5) + ... ∂X
I6
∂yI6
≈ δ(yI6) + ... ∂X
I7
∂yI7
≈ δ(yI7) + ..., (51)∫
MN=3
→
∫
yI5+yI6+yI7
∫
dyI5dyI6dyI7εI
′
5I
′
6I
′
7
∂XI5
∂yI
′
5
∂XI6
∂yI
′
6
∂XI7
∂yI
′
7
= 1 + ..., (52)
where ellipses (...) were used to represent higher-order derivatives. The integration is over a 3-dimensional manifold
with coordinates (yI5 , yI6 , yI7) and consequently, the integration can be shown by
∫
yI5+yI6+yI7
=
∫
dyI5
∫
dyI6
∫
dyI7).
This result shows that ignoring fluctuations of space that cause the production of fields, the result of integration over
each 3-dimensional manifold tends to one. When, we add one manifold to another, the integration will be the product
of integration over each manifold.
Extending the manifold over additional dimensions extends the integration volume element. By extending the
11-dimensional manifold in Eq. (50) with the 3-dimensional manifold of Eq. (52), we get
∫
M11
d11x
√
g
(
GI1I2I3I4G
I1I2I3I4
)
×
∫
MN=3
=
∫
M11+yI5+yI6+yI7
∫
d11x
∫
dyI5dyI6dyI7
√
gI
′
5I
′
6I
′
7GI1I2I3I4G
I1I2I3I4
∂XI5
∂yI
′
5
∂XI6
∂yI
′
6
∂XI7
∂yI
′
7
, (53)
where we notice that after making the identification
CI5I6I7 = I
′
5I
′
6I
′
7
∂XI5
∂yI
′
5
∂XI6
∂yI
′
6
∂XI7
∂yI
′
7
, (54)
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we recover the CGG action in 11 + 3 dimensions:
SN=11+3CGG =
∫
M11+yI5+yI6+yI7
∫
d11x
∫
dyI5dyI6dyI7
√
gGI1I2I3I4G
I1I2I3I4CI5I6I7 . (55)
This equation has three interesting results: 1. The CGG term appears in the supergravity action as a result of
adding a 3-dimensional manifold, 2. Combining the 11-dimensional supergravity with the 3-dimensional manifold
yields 14-dimensional supergravity. 3. The shape of C-term is now clear in terms of string fields (XI).
To verify that the theory is correct, we should be able to get back the gauge variation of the CGG-action in Eq. (3)
in terms of fields strengths and curvature. To this end, using Eqs. (52) and (54), we can calculate the gauge variation
of C [14]:
XI = II + yI + Iφ+AI + yJ(F
IJ −RIJ + ∂Iφ∂Jφ− IJΣnGˆ−n2−1 + ...)
⇓
∂δAX
I
∂yI
= δ(yI)
⇓∫
MN=2+M11
∫
d11x
∫
dyI5dyI6dyI7δAC
I5I6I7 =
∫
MN=3+M11
∫
d11x
∫
dyI5dyI6dyI7ΣI′5I′6I′7ε
I′5I
′
6I
′
7δA(
∂XI5
∂yI
′
5
∂XI6
∂yI
′
6
∂XI7
∂yI
′
7
)
=
∫
MN=2+M11
∫
d11x
∫
dyI5dyI6ΣI′5I′6ε
I′5I
′
6(
∂XI5
∂yI
′
5
∂XI6
∂yI
′
6
)
=
∫
MN=2+M11
∫
d11x
∫
dyIdyJ(F IJ −RIJ
+ ∂Iφ∂Jφ− εIJΣ∞n=1Gˆ−
n
2−1) + ...
=
∫
MN=2+M11
∫
d11x
∫
dyIdyJ(F IJ −RIJ
+ ∂Iφ∂Jφ− εIJGˆ−1 + ...). (56)
where the ellipses (...) represent higher-order derivatives with respect to fields. Using Eqs. (56) and (50) we can
calculate the gauge variation of the CGG action in equation of (55):
δSN=11+3CGG = δ
∫
M11+MN=3
d14x
√
gI1I2I3I4I′1I′2I′3I′4I5I6I7
I˜5I˜6I˜7(
∂XI5
∂yI˜5
∂XI6
∂yI˜6
∂XI7
∂yI˜7
)GI1I2I3I4GI
′
1I
′
2I
′
3I
′
4
= δ
∫
M11+MN=3
d14x
√
gI1I2I3I4I′1I′2I′3I′4I5I6I7
I˜5I˜6I˜7(
∂XI5
∂yI˜5
∂XI6
∂yI˜6
∂XI7
∂yI˜7
)
× (I˜1I˜2I˜3I˜4 ∂X
I1
∂yI˜1
∂XI2
∂yI˜2
∂XI3
∂yI˜3
∂XI4
∂yI˜4
)(I˜
′
1I˜
′
2I˜
′
3I˜
′
4
∂XI
′
1
∂yI˜
′
1
∂XI
′
2
∂yI˜
′
2
∂XI
′
3
∂yI˜
′
3
∂XI
′
4
∂yI˜
′
4
)
=
∫
M10+MN=3
d14x
√
gI1I2I3I4I′1I′2I′3I′4I5I6
I˜5I˜6(
∂XI5
∂yI˜5
∂XI6
∂yI˜6
)
× (I˜1I˜2I˜3I˜4 ∂X
I1
∂yI˜1
∂XI2
∂yI˜2
∂XI3
∂yI˜3
∂XI4
∂yI˜4
)(I˜
′
1I˜
′
2I˜
′
3I˜
′
4
∂XI
′
1
∂yI˜
′
1
∂XI
′
2
∂yI˜
′
2
∂XI
′
3
∂yI˜
′
3
∂XI
′
4
∂yI˜
′
4
)
=
∫
M10+MN=3
d14x
√
gI1I2I3I4I′1I′2I′3I′4I5I6(
I˜4I˜5
∂XI4
∂yI˜4
∂XI5
∂yI˜5
)(I˜
′
4I˜6
∂XI
′
4
∂yI˜
′
4
∂XI6
∂yI˜6
)
× (I˜1I˜2 ∂X
I1
∂yI˜1
∂XI2
∂yI˜2
)(I˜
′
1I˜
′
2
∂XI
′
1
∂yI˜
′
1
∂XI
′
2
∂yI˜
′
2
)(I˜3I˜
′
3
∂XI3
∂I˜I3
∂XI
′
3
∂yI˜
′
3
)
=
∫
M10+MN=3
d14x
√
gΣ5n=1
(
trFn − trRn + trFnR5−n
)
+ δ
∫
M11+MN=3
d14x
√
g
(
Σ5m=1Σ
∞
n=0(R)
mGˆ−n + Σ5m=1Σ
∞
n=0(∂
IGˆ∂IGˆ)
mGˆ−n−1
+ Σ5m=1Σ
∞
n=0(∂
Iφ∂Iφ)
mGˆ−n + Σ5m=1Σ
∞
n=0(βFIJF
IJ)mGˆ−n+1 + ...
)
. (57)
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The first term in Eq. (57) cancels the anomaly in Eq. (3). However, the second term yields the action of modified
gravity. In fact, we can rewrite the second term of Eq. (57) for n = m = 1 as follows:
SMOG =
∫
M11+MN=3
d14x
√
g
(R+ ∂Iφ∂Iφ
2Gˆ
+
1
2
(
∂IGˆ∂
IGˆ
Gˆ2
) + βFIJF
IJ + ...
)
, (58)
where, using the definitions φ = ln(µ) and FIJ = BIJ , we obtain the following action:
SMOG =
∫
M11+MN=3
d14x
√
g
( R
2Gˆ
+
∂Iµ∂Iµ
2Gˆµ2
+
1
2
(
∂IGˆ∂
IGˆ
Gˆ2
) + βBIJB
IJ + ...
)
. (59)
This is a version of the action of Moffat’s modified gravity theory [1], obtained from generalizing the Horava-Witten
mechanism to fourteen dimensions. This model shows that the action that has been obtained by Moffat for the MOG
theory is completely anomaly-free and can be applied to explain phenomenological features of the universe.
III. SCALAR-TENSOR-VECTOR-FERMION GRAVITY
In the previous section, we observed that by extending the Horava-Witten mechanism to fourteen dimensions, the
MOG action can be obtained. However, we only studied the bosonic part of the action in supergravity, while in the
Horava-Witten formalism, both fermions and bosons have been considered. This offers the opportunity to extend the
MOG action by considering the effects of fermionic gravitation fields.
fermion
scalar
=
FIG. 13: Fermions can be produced by decaying scalars.
Until now, we have shown that different shape of strings produce different types of fields. We also have argued
that scalars are strings that both ends of them are located on one point like manifold. Now, if this string decays to
two parts, two fermions are emerged (See Figure 13). To include fermions, we redefine strings in equation (48) by
regarding (φ→ εIJKψ†JψK) and re-obtain the Poisson brackets as
XI = II + yI + Iφ+AI + yJ(F
IJ −RIJ + ∂Iφ∂Jφ− IJΣnGˆ−n2−1 + ...) + iεIJKψ†JψK ⇒
{XI , XJ} = ΣI,JεI′J′ ∂X
I
∂yJ′
∂XI
∂yJ′
= ΣI,Jε
IJ′
(
∂J′A
I − ∂J′(εJKΓAAK)
)
= F IJ −RIJ + ∂Iφ∂Jφ+ iεIJ′Kψ†J′∂KψJ − εIJΣnGˆ−n2−1 + ... . (60)
where ψI denotes a fermionic field. With this definition, the gauge variation of the C term in Eq. (56) can be changed
to include this fermionic field:
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XI = II + yI + Iφ+AI + yJ(F
IJ
− RIJ + ∂Iφ∂Jφ− IJΣnGˆ−n2−1 + ...) + iεIJKψ†JψK
⇓
∂δAX
I
∂yI
= δ(yI),
⇓∫
MN=3+M11
∫
d11x
∫
dyI5dyI6dyI7δAC
I5I6I7 =
∫
MN=2+M11
∫
d11x
∫
dyI5dyI6ΣI′5I′6I′7
I′5I
′
6I
′
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∂XI5
∂yI
′
5
∂XI5
∂yI
′
6
∂XI7
∂yI
′
7
)
,
=
∫
MN=2+M11
dyI5dyI6ΣI′5I′6
I′5I
′
6
(
∂XI5
∂yI
′
5
∂XI6
∂yI
′
6
)
,
=
∫
MN=2+M11
dyIdyJ(F IJ −RIJ
+ iεIJ
′Kψ†J
′
∂Kψ
J + ∂Iφ∂Jφ− IJΣ∞n=1Gˆ−
n
2−1) + ...,
=
∫
MN=2+M11
dyIdyJ(F IJ −RIJ
+ iIJ
′Kψ†J
′
∂Kψ
J + ∂Iφ∂Jφ− IJGˆ−1 + ...). (61)
Also, the gauge variation of CGG terms in Eq. (57) has the following shape:
Hψ = iεIJKψ†I∂KψJ
⇓
δSN=11+3CGG = δ
∫
M11+MN=3
d14x
√
gεI1I2I3I4I′1I′2I′3I′4I5I6I7ε
I˜5I˜6I˜7
(
∂XI5
∂yI˜5
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′
1I
′
2I
′
3I
′
4
= δ
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′
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′
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′
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′
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′
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′
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′
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′
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′
4
)
=
∫
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√
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εI˜4I˜5
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∂yI˜4
∂XI5
∂yI˜5
)(
εI˜
′
4I˜6
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′
4
∂I˜I4
∂XI6
∂yI˜6
)
×
(
εI˜1I˜2
∂XI1
∂yI˜1
∂XI2
∂yI˜2
)(
εI˜
′
1I˜
′
2
∂XI
′
1
∂yI˜
′
1
∂XI
′
2
∂yI˜
′
2
)(
εI˜3I˜
′
3
∂XI3
∂yI˜3
∂XI
′
3
∂yI˜
′
3
)
=
∫
M10+MN=3
d14x
√
gΣ5n=1
(
trFn − trRn + trFnR5−n
)
+
∫
M10+MN=3
d14x
√
gΣ5n=1
(
tr(Hψ
1
...Hψ
n
) + tr(Hψ
1
...Hψ
n
(R5−n + F 5−n))
)
+ δ
∫
M11+MN=3
d14x
√
g
(
Σ5m=1Σ
∞
n=0(R)
mGˆ−n + Σ5m=1Σ
∞
n=0(∂
IG∂IGˆ)
mGˆ−n−1
+ Σ5m=1Σ
∞
n=0(∂
Iφ∂Iφ)
−mGˆ−n + Σ5m=1Σ
∞
n=0(βFIJF
IJ)mGˆ−n+1
+ Σ5m=1Σ
∞
n=0(H
ψ1 ...Hψ
m
)Gˆ−n + ...
)
. (62)
It is clear that the first two terms of Eq. (62) cancel the anomaly via the Horava-Witten mechanism [4, 5]. However,
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the remaining terms yield the action of a modified theory of gravity that now includes a fermionic gravitational field.
Putting n = m = 1, the modified gravity action can now be written as
SMOG =
∫
M11+MN=3
d14x
√
g
(R+ iεIJKψ†I∂KψJ + ∂Iφ∂Iφ
2Gˆ
+
1
2
(
∂IGˆ∂
IGˆ
Gˆ2
) + βFIJF
IJ + ...
)
, (63)
or, after replacing φ = ln(µ) and FIJ = BIJ , we obtain to following action:
SMOG =
∫
M11+MN=3
d14x
√
g
( R
2Gˆ
+
∂Iµ∂Iµ
2Gˆµ2
+ i
εIJKψ†I∂KψJ
2Gˆ
+
1
2
(
∂IGˆ∂
IGˆ
Gˆ2
) + βBIJB
IJ + ...
)
. (64)
Also, to obtain the standard form of equation for fermions, we can use of following replacement:
ψJ −→ χγJ
εIJKγIγJ = γ0γK
χ†γ0 −→ χ¯
εIJKψ†I∂KψJ −→ χ¯γK∂Kχ (65)
By using above replacement, we can re-write equation (64) as:
SMOG =
∫
M11+MN=3
d14x
√
g
( R
2Gˆ
+
∂Iµ∂Iµ
2Gˆµ2
+ i
χ¯γK∂Kχ
2Gˆ
+
1
2
(
∂IGˆ∂
IGˆ
Gˆ2
) + βBIJB
IJ + ...
)
. (66)
The action of Eq. (66) is an extended version of Moffat’s scalar-tensor-vector gravity theory, which now includes a
fermionic gravitational field. This theory has been obtained by generalizing the Horava-Witten mechanism to fourteen
dimensions and as such, it is completely anomaly-free. On the other hand, it has been shown previously that MOG fits
experimental data [2, 3]. Thus, it is conceivable that our 4-dimensional universe is, in fact, part of a 14-dimensional
manifold.
IV. SUMMARY AND CONCLUSION
In this paper, we obtained the exact form of the action in a Modified gravity (MOG). Our result is in agreement with
a previous model that has been proposed by Moffat in [1]. Generalizing the Horava mechanism to fourteen dimensions,
we demonstrated that this theory is anomaly-free. Furthermore, we extended Moffat’s action by including fermionic
gravitational fields.
In next work, we can examine Moffat’s theory with the gravitational wave detections. Recently, it has been shown
that, if advanced projects on the detection of Gravitational Waves (GWs) will improve their sensitivity, allowing
to perform a GWs astronomy, accurate angular and frequency dependent response functions of interferometers for
GWs arising from various Theories of Gravity, i.e. General Relativity and Extended Theories of Gravity, will be the
definitive test for General Relativity [15]. Infact, Moffat’s modified gravity is only an example and there are other
extended theories of gravity [16, 17] which could be constructed with the mechanism of this paper and tested by
gravitational waves and the methode of ref [15].
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